In this article, the strict feasibility and solvability of generalized vector equilibrium problem with set-valued mapping in reflexive Banach spaces are considered. By introducing two generalized strict feasibility concepts for generalized vector equilibrium problem, we establish some sufficient conditions to guarantee that the solution set of the generalized vector equilibrium problem is nonempty and bounded provided that it is generalized strictly feasible. MSC: 49K30; 90C29.
Introduction
Let X be a real reflexive Banach space and U be a metric space, and K ⊆ X, D ⊆ U be two nonempty and closed sets. Let T : K 2 D be a nonempty-compact-valued mapping, i.e., T(x) is a nonempty compact subset for any x K, and upper semicontinuous on K. Let F : D × K × K 2 Y be a set-valued map, where Y is a real normed space with an ordered cone C, that is, a proper, closed, and convex cone such that int C ≠ ∅. The weak generalized vector equilibrium problem [1] [2] [3] [4] , abbreviated by WGVEP, is to findx ∈ K andū ∈ T(x) such that (WGVEP) F(ū,x, y) −int C, ∀y ∈ K.
For the WGVEP, its dual problem is to findx ∈ K such that
(DWGVEP) F(v, y,x) int C, ∀y ∈ K, v ∈ T(y).
We denote the solution set of the WGVEP and the solution set of the DWGVEP by
WS K and WS D K
, respectively.
The strong generalized vector equilibrium problem [5, 6] , abbreviated by SGVEP, is to findx ∈ K andū ∈ T(x) such that (SGVEP) F(ū,x, y) −int C = ∅, ∀y ∈ K.
For the SGVEP, its dual problem is to findx ∈ K such that
(DSGVEP) F(v, y,x) int C = ∅, ∀y ∈ K, v ∈ T(y).
Similarly, we denote the solution set of the SGVEP and the solution set of the DWGVEP by SS K and SS D K , respectively. Obviously,
SS K ⊆ WS K
The generalized vector equilibrium problem finds applications in economics, finance, image reconstruction, ecology, transportation, network, and elasticity in [7] . In particular, when T(x) is singleton, i.e., T is a single-valued map, then the WGVEP collapse to the problem considered in [1] [2] [3] [4] , and the SGVEP collapse to the problem considered in [5, 6] . In this case, based on the coercivity assumption, the existence of solution for the generalized vector equilibrium problem are deeply discussed, see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . Recently, by virtue of the recession method, Ansari established some necessary and/or sufficient conditions for the nonemptiness and boundedness of the solution set for the SGVEP [5] . Later, Farajzadeh and Amini established some sufficient conditions for the compactness and convexity of the solution set of the SGVEP without the requirement of the lower semi-continuity of the map y F(x, y) [6] . Lin derived some existence results for the generalized vector quasi-equilibrium problem under pseudomonotonicity and u-hemicontinuity/l-hemicontinuity [11] . Al-Homidan proposed existence results for generalized vector quasi-equilibrium problems by establishing some new fixed point theorems and maximal element theorems [12, 13] . Since the WGVEP and the SGVEP are the generalizations of the generalized vector equilibrium problem when T is a single-valued map, it is natural to ask whether the existence of the solution and duality for the WGVEP and the SGVEP can be derived for that T(x) is multivalued, which constitutes the motivation of this article.
Generally, the existence of solution for the classical vector equilibrium problem is established under the strict feasibility condition which was originally used in scalar variational inequality and vector variational inequality [14] [15] [16] [17] . This technique can be extended to the scalar equilibrium problem [18] . On the other way, Hu and Fang extended the concept of strict feasibility to the classical vector equilibrium problem and established the nonemptyness and boundedness of the solution set of the C-pseudomonotone vector equilibrium problem if it is strictly feasible in the strong sense [19] . Motivated the study above, in this article, we first investigate the relations between solution set of the WGVEP (SGVEP) and solution set of the WDGVEP (SDGVEP) under the weakly (strongly) C-pseudomonotone condition. Furthermore, by introducing two new concepts for strictly feasible in the generalized sense to match the solvability of the WGVEP and the SGVEP, we establish some sufficient conditions to guarantee the nonemptyness and boundedness of the solution set for the generalized vector equilibrium problem if it is generalized strictly feasible. Our results generalize and extend some results of [18, 19] in some sense.
(i) The mapping F : K
2
Y is said to be C-convex if
(ii) The mapping F : K 2 Y is said to be C-lower semicontinuous if the set {x K | F (x) -a ⊈ int C} is closed on K for any a Y. F is said to be weakly C-lower semicontinuous if F is C-lower semicontinuous with respect to the weak topology of X. The map F is said to be weakly lower semicontinuous on K if it is weakly lower semicontinuous on K.
(iii) The mapping F :
The mapping F : D × K × K 2 Y is said to be: strongly C-pseudomonotone if for all
(iv) The asymptotic cone K ∞ and barrier cone barr(K) of K are, respectively, defined by
where X* denotes the dual space of X and ⇀stands for the weak convergence. Remark 2.1 (i) Definition 2.1 is a set-valued generalization of C-lower semicontinuity in [8] (ii) If the map is strongly C-pseudomonotone, then it is weakly C-pseudomonotone. How-ever, the converse result is not true.
Its dual problem is:
It is easy to see
Hence F is weakly C-pseudomonotone. However, F is not strongly C-pseudomonotone.
The asymptotic cone K ∞ has the following useful properties.
Lemma 2.1 [20] Let K ⊂ X be nonempty and closed. Then the following conclusions hold:
The GVEP is said to be (i) generalized strictly feasible in the weak sense if F w + ≠ ∅, where
(ii) generalized strictly feasible in the strong sense if F s + ≠ ∅, where
Obviously, both F w + , F s + are equivalent to the F s + [19] , when F is a single-valued map.
The following example is to explain that Definition 2.2 is applicable.
It is verified that K ∞ = [0, +∞). For any x [1, +∞) and t K ∞ \{0}, one has
, where co(.) stands for the convex hull.
The main tools for proving our results are the following well-known KKM theorems. Lemma 2.2 [22] Assume that X is a topological vector space, E ⊆ X is a nonempty convex and F : E 2 X is a KKM mapping with closed values. If there is a subset X 0 contained in a compact convex subset of E such that
Definition 2.4 [23, 24] Let K be a nonempty, closed, and convex subset of a real reflexive Banach space X with its dual X*. We say that K is well-positioned iff there exist x 0 X and g X* such that
Lemma 2.3 [23, 24] Let K be a nonempty, closed, and convex subset of a real reflexive Banach space X with its dual X*. Then K is well-positioned if and only if the barrier cone barr(K) of K has a nonempty interior. Furthermore, if K is well-positioned then there is no sequence {x n } ⊆ K with ||x n || +∞ such that origin is a weak limit of x n ||x n || . Lemma 2.4 [25] Let X and Y be two metric spaces and T : X 2 Y be a nonemptycompact-valued mapping and upper semicontinuous at x*. Then, for any sequences x n x* and u n T(x n ), there exist a subsequence {u n k }of {u n } and some u* T(x*) such that u n k → u * .
3 Solvability of the WGVEP and the SGVEP First, we investigate relations between solution set of the WGVEP (SGVEP) and solution set of the DWGVEP (DSGVEP) when K is bounded. Theorem 3.1 Let K ⊆ X be a nonempty and convex closed bounded set. If F : D × K × K 2 Y satisfies the followings:
(ii) the set {(u, x), u T (x), x K : F (u, x, y) ⊈ -int C} is closed for any y K; (iii) F is weakly C-pseudomonotone;
(iv) the set {y K | F(u, x, y) ⊈ int C} is closed and F (u, x, .) is C-convex for any x K, u T(x).
Then the WGVEP has a nonempty solution set and x* K is a solution of the WGVEP if and only if
We claim that Γ is a KKM map. Suppose on the contrary, it does not hold, then there exists a finite set {x 1 , . . ., x n } ⊆ K and z co{x 1 , . . ., x n } such that
. ., n. It follows from the weak C-pseudomonotonity of F that
Taking into account that int C is convex, we obtain
. . , n. For the above t i , due to the convexity of F(u, x,.), one has
which contradicts (3.1). By the condition (iv), we derive that the Γ is closed valued. Hence Γ is a KKM map. By the KKM Theorem, there exists x* K such that x* ⋂ v T(y), y K Γ(v, y). That is, F (v, y, x*) ⊈ int C,∀y K, v T(y).
Let us verify WS
For every y K, consider x t = x* + t(y -x*), ∀t (0, 1). Clearly, x t K. The C-convexity of F (u, x t ,.) implies that
Let us show tF (u, x t , y) ⊈-int C by contradiction. Suppose on the contrary, then tF (u, x t , y) ⊆ -int C. For any p tF (u, x t , y), it holds
So F (u, x t , x*) ⊆ int C, which contradicts (3.2). Noting that -int C is convex cone, we deduce
Letting t 0 in (3.3), we obtain by assumption (ii) and Lemma 2.4 that there exists u* T(x*) such that
On the other hand, by the weak C-pseudomonotonity of F, we have 
(ii) the set {(u, x), u T(x), x K | F (u, x, y) ∩ -int C = ∅} is closed for all y K; (iii) F is strongly C-pseudomonotone; (iv) the set {y K | F (u, x, y) ∩ int C = ∅} is closed and F (u, x, .) is C-convex for any x K, u T(x).
Then the SGVEP has a nonempty solution set and x* K is a solution of the SGVEP if and only if
Following the similar arguments in the proof of Theorem 3.1, we can obtain the desired result.
In following sequel, we shall present some sufficient conditions for the nonemptiness and boundedness of the solution set of the WGVEP provided that it is strictly feasible in the strong sense. 
(ii) the set {(u, x), u T (x), x K | F (u, x, y) ⊈-int C} is closed for any y K; (iii) F is weakly C-pseudomonotone; (iv) F (u, x, .) is C-convex and weakly lower semicontinuous for x K, u T(x).
Then the WGVEP has a nonempty bounded solution set whenever it is generalized strictly feasible in the strong sense.
Proof. Suppose that the WGVEP is generalized strictly feasible in the strong sense. Then there exists x 0 K such that x 0 F s + , i.e.,
By assumptions (i) and (iv), x 0 D and D is weakly closed. We assert that D is bounded. Suppose on the contrary it does not holds, then there exists a sequence {x n } ⊆ M with ||x n || +∞ as n +∞. Since X is a reflexive Banach space, without loss of generality, we may take a subsequence {x n k } of {x n } such that
By Lemma 2.3, z ≠ 0 since K is well-positioned. It follows from x 0 F s + that
Noting that F (u, x, .) is C-convex, we have
That is,
We claim that F u, x 0 , x 0 +
which contradicts F(u, x 0 , x n k ) int C. Taking into account the condition (iv), we obtain
This is a contradiction to (3.4) . Thus, D is bounded and it is weakly compact. For each p K, set
where conv means the convex hull of a set. Then K 0 is nonempty, convex, and weakly compact. By Theorem 3.1, there existsx ∈ K 0 such that
Obviously, D p is nonempty and weakly compact.
Next we prove that {D p | p K} has the finite intersection property. For any finite set {p i | i = 1, 2, . . ., n} ⊆ K, let K 1 = conv{D ⋃ {p 1 , p 2 , . . ., p n }}. Then K 1 is weakly compact. By Theorem 3.1, there existsx ∈ K 1 such that
In particular, it holds 
By Theorem 3.1, x* is a solution of the WGVEP. As for the boundedness of the solution set of the WGVEP, it follows from Theorem 3.1 that the solution set of the WGVEP is a subset of D.
Theorem 3.4 Let K ⊆ X be a nonempty, closed, convex, and well-positioned set. If F :
) is C-convex and weakly lower semicontinuous for x K, u T(x); (v) F is positively homogeneous with degree a > 0, i.e., there exists a > 0 such that
Then the SGVEP has a nonempty bounded solution set whenever it is generalized strictly feasible in the weak sense.
Proof. Suppose that the SGVEP is generalized strictly feasible in the weak sense.
Then there exists x 0 K such that x 0 ∈ F + w , i.e.,
By assumptions (i) and (iv), x 0 D and D is weakly closed. We claim that D is bounded. Suppose on the contrary it does not holds, then there exists a sequence {x n } ⊆ M with ||x n || +∞ as n +∞. Since X is a reflexive Banach space, without loss of generality, we may take a subsequence {x n k } of {x n } such that
By Lemma 2.3, z ≠ 0 since K is well-positioned. It follows from x 0 F w + that
Since x n k ∈ D and F is positively homogenous with degree a > 0, it holds
Taking into account the condition (iv), we obtain
This is a contradiction to (3.5) . Thus, D is bounded and it is weakly compact. Following the similar arguments in the proof of Theorem 3.3, we can prove the Theorem 3.4.
Remark 3.1 Assumption (v) of Theorem 3.4 is not new. Clearly, if F(x, y) = 〈u, y -x〉, ∀u T(x), then F is positively homogeneous with degree = 1.
Remark 3.2 Since SS K ⊆ WS K , conditions for the solution set of the SGVEP to be nonempty and bounded are stronger than the WGVEP. Compared with Theorem 3.3, the condition that F is positively homogeneous in Theorem 3.4 is not dropped for the SGVEP.
The following example shows that the converse of Theorem 3.3 or 3.4 is not true in general. It is easily to see that K is well-positioned and F satisfies assumptions of Theorems 3.3 and 3.4. It can be verified that the WGVEP and the SGVEP have the same solution set {0}. On the other hand, it is easy to verify that F w + = F s + = ∅.
For general generalized vector equilibrium problem, the following example shows WS K ≠ ∅, but SS K = ∅. It is obvious that the WGVEP has solution set WS K = R, but solution set of the SGVEP SS K = ∅.
